We report the generation of a squeezed vacuum state of light whose noise ellipse rotates as a function of the detection frequency. The squeezed state is generated via a four-wave mixing process in a vapor of 85 Rb. We observe that rotation varies with experimental parameters such as pump power and laser detunings. We use a theoretical model based on the Heisenberg-Langevin formalism to describe this effect. Our model can be used to investigate the parameter space and to tailor the ellipse rotation in order to obtain an optimum squeezing angle, for example, for coupling to an interferometer whose optimal noise quadrature varies with frequency.
I. INTRODUCTION
The generation of non-classical states of light has been a topic of interest since the first experimental demonstration of squeezed light by Slusher et al. using fourwave mixing (4WM) in sodium vapor [1] . More recently interest in 4WM techniques has seen a resurgence due to the potential for the generation of very high multispatial modes [2] quantum correlations (two-mode twin beams) in the so-called phase-insensitive configuration [3] [4] [5] [6] [7] . 4WM in the phase-sensitive configuration can also produce single-mode vacuum squeezed states [8] that might be used for improving sensitivity in precision interferometry.
Gravitational wave detection using optical interferometers with long arms is a promising but highly challenging technique [9] . Since a pioneering experiment with modest sensitivity [10] , the performance of interferometers has improved dramatically [11] [12] [13] . In these experiments, gravitational waves would be detected as a phase or path difference between the two arms of the interferometer and the sensitivity is ultimately limited by the quantum noise. The standard quantum limit (SQL) has been introduced for this class of interferometers [14] , and it is equivalent to the detection limit for the arm length difference:
where τ is the measurement time and m is the mass of the mirrors. In 1980, Caves emphasized that the SQL in interferometers is a property of the interferometer itself * quentin.glorieux@nist.gov † paul.lett@nist.gov
and it is a consequence of the vacuum noise entering from the unused port [15] . Subsequently, he proposed to inject squeezed light into the unused port to improve the sensitivity of these interferometers [16] , which has been experimentally demonstrated [17, 18] and is currently used on a daily basis in the LIGO project [11] . This technique, however, cannot overcome the SQL at all frequencies because the reduction in photon noise at low frequencies is overwhelmed by an increase in the random motion of the mirrors known as radiation pressure fluctuations. In an extension of Caves idea, Unruh demonstrated that the SQL can be violated across a large band of frequencies if the appropriate quadrature component of the mode entering the unused port is squeezed [19] . The key feature of the Unruh proposal is that the squeezed vacuum angle (equivalent to the direction of the noise ellipse) be frequency dependent.
Since the dominant source of noise at low frequencies is the radiation pressure noise, and at high frequencies is the photon shot noise, this determines that the choice of the noise ellipse direction where the squeezing is present should rotate between the phase quadrature at low frequencies and the amplitude quadrature at high frequencies. Several papers have discussed this proposal [20, 21] and experimental demonstrations have been achieved [22] . Different techniques have been proposed to implement a frequency dependent noise ellipse [23] [24] [25] Most of these techniques are based on pre-filtering cavities as initially proposed in [22] , and they can all introduce losses and mode-matching problems. More recently, Horrom et al. have demonstrated an example of angle rotation of the quantum noise quadratures using the frequency-dependent absorption of the EIT window [26] .
In this paper we discuss a different technique that allows for the rotation of the noise ellipse of vacuum arXiv:1305.4353v1 [quant-ph] 19 May 2013 squeezed light using four-wave mixing (4WM) in a hot atomic vapor. In this technique, we use a double-Λ system [27] in a phase-sensitive configuration to generate squeezed vacuum light, described in detail in [8] . We demonstrate up to −4.0 dB of squeezing bellow the shot noise limit (SNL) and we show that the squeezing spectrum can be modified to maximize squeezing at various analysis frequencies. We propose an explanation for this effect, based on the fact that two frequency sidebands (positive and negative sidebands) contribute differently to the measured noise, and we verify the consistency of this description with our experimental data. We report an experimental observation of the noise ellipse rotation over a frequency bandwidth of several MHz. We suggest that the rotation of the noise ellipse in this system is due to a frequency dependent phase shift induced by the non-linear susceptibility of the atomic medium. We adapt the theoretical model of [28] to our system in order to provide a quantitative estimation of the the phase shift. For the experimental parameters used in this paper we observe a noise ellipse rotation of π/5 over 10 MHz frequency bandwidth. This combination of experimental results and theoretical model might allow one to tailor the noise ellipse rotation to follow the optimal squeezing angle specific to a given interferometer.
II. EXPERIMENTAL SETUP
A common representation of the fluctuations of a quantum state as a phase space diagram is known as the "balland-stick" picture [29] . In this representation, the stick corresponds to the mean value of the field and the ball corresponds to the area of the fluctuations around the mean value. For a vacuum state, the mean value is zero and therefore the stick disappears and the ball is centered around the origin (see Fig. 1 a) . The standard quantum limit in this representation is described by a circle with a diameter normalized to 1. A squeezed vacuum state is therefore an ellipse with one direction for which the axis is smaller than 1, referred to as the noise ellipse direction (see Fig. 1(a) ). In an ideal case, the area of the fluctuation ellipse is preserved, otherwise the area is increased. In the following, we study the compression factor of this ellipse (referred to as the squeezing value) and the angle of this ellipse generated by the four-wave mixing process in 85 Rb. The experimental setup is similar to the one presented in [8] and is shown in Fig. 1(c) . A Ti:sapphire laser at frequency ν p is tuned approximately 0.8 GHz to the blue of the 85 Rb 5S 1/2 , F = 3 → 5P 1/2 transition (red of the 85 Rb 5S 1/2 , F = 2 → 5P 1/2 transition), as shown in Fig. 1(b) . The one-photon detuning is referred to as ∆. Two pump frequencies are generated by frequency-shifting the light of the Ti:sapphire laser using two double-passed 1.52 GHz acousto-optic modulators (AOMs). One pump beam (frequency ν 1 ) is downshifted and the other upshifted (frequency ν 2 ) by the same amount, around 3 GHz, that is related to the ground state hyperfine splitting ν HF = 3036 MHZ in 85 Rb. The beams out of the AOMs (0.5 mW each) are used to seed two tapered amplifiers and generate two strong (∼500 mW each) pump beams. The pump beams are spatially-filtered with polarization-maintaining fibers and we obtained maximum powers of 230 mW and 190 mW for the pump beams at frequencies ν 1 and ν 2 , respectively. The two pumps have the same linear polarization which are orthogonal to the polarization of the probe. These pump beams are directed into a 12.5 mm long vapor cell filled with isotopically pure 85 Rb heated to 90
• C and with an angle of 0.4 degrees between the beams, as shown in Fig. 1(b) . The pumps are focused at the center of the cell with waists (1/e 2 power radius) of 600 µm. After the cell the pump light is filtered out using a Glan-Taylor polarizer and the output squeezed vacuum beam is sent to a balanced homodyne detection system and the noise is then measured using a RF spectrum analyzer.
The local oscillator (LO) for homodyne detection, at frequency ν LO , is taken directly from the Ti:sapphire laser. The LO carrier frequency selects the frequency of the generated photons that are being analyzed. We summarize in Fig. 2 (a) , the various frequencies involved. The two photon detuning δ is defined as δ = ν LO − (ν 1 + ν HF ) and is also equivalent to ν LO − ν p for the measurements presented here. Fig. 1(d) shows a typical measurement of −4.0 dB of vacuum quadrature squeezing at ∆ = 0.8 GHz and δ = 4 MHz for an analysis frequency ω a = 1 MHz.
As in [8] , the homodyne detection system can be locked to measure the quadrature with the minimum noise level of the squeezed vacuum beams. The locking system [30] works as follows: the phase of the squeezed beam is modulated at a frequency of 5 kHz, which translates into a modulation of the noise power signal. This signal is then detected at an analysis frequency of 1 MHz (zero span) and demodulated with the use of a lock-in amplifier. As a result we obtain an error signal that has a zero crossing at the minimum and maximum noise levels, which allows us to lock the homodyne detection system and measure the squeezing and anti-squeezing levels of the output squeezed beam without phase fluctuations. The main result of this paper is the comparison between measurements with and without a locking system for the phase of the LO.
III. SQUEEZING BANDWIDTH
In order to study the noise level on the squeezed beam as a function of the two-photon detuning δ, we show in Fig. 2 (b) the measured noise (minimum and maximum noise) as a function of δ. We observe the largest squeezing around δ = −2 MHz and the largest excess noise around δ = +18 MHz.
Similarly, we can measure the noise power for a fixed quadrature phase and two-photon detuning δ and report it as function of the analysis frequency. This measurement is known as the squeezing spectrum. In this section, we clarify the relationship between these two measurements and verify the consistency of the two sets of data. In Fig. 3 , we present the measured squeezing spectrum for different values of the two-photon detuning. As described earlier, two measurements of the noise power are Two-Photon Detuning (MHz)
FIG. 2. (Color online.) a)
Diagram to summarize the various frequencies involved. ν1 and ν2 are the carrier frequencies of pumps 1 and 2, respectively. νLO is the carrier frequency of the local oscillator and νp = ν1 + νHF . The two-photon detuning δ = νLO − νp. The analysis frequency is denoted ωa, and the upper and lower sidebands are at νLO ± ωa. The grey area represents the gain region of the process (4WM bandwidth). b) Measured noise level of the generated beam as a function of the two-photon detuning δ at an analysis frequency of ωa = 1 MHz. Black squares corresponds to the choice of phase that maximizes the noise and red circles corresponds to the phase that minimizes the noise. The state is squeezed for a noise level less than zero. Black line: shot noise level.
reported for each value of δ, with (blue/dark gray trace) and without (red/light gray trace) locking the phase of the LO. In order to quantify the behavior of the noise power as a function of the analysis frequency, we introduce the shot noise limit frequency (SNLF) defined as the analysis frequency where the minimum of the detected noise (red/light gray traces) is equal to the shot noise limit. To evaluate this quantity, we calculate the envelope of the detected noise minima, by applying a low pass filter and we plot the resulting filtered curves in Fig. 3 . These envelopes represent the maximum squeezing obtainable independent of the choice of phase for the LO. We then report in Table 1 the frequencies at which these envelope curves cross the standard quantum limit. We note that the values reported on Table 1 show that 4.8 MHz< SNLF+δ < 5.7 MHz, and suggest that SNLF+δ is a constant within experimental uncertainties. This point will be addressed in detail at the end of this TABLE I . Behavior of the measured noise power as a function of the two-photon detuning δ. SNLF (shot noise limit frequency) is the analysis frequency at which the squeezing is lost (envelopes of red traces in Fig.3 ).
section. When we measure the noise properties of the generated probe beam we beat it with a LO and the frequency of the LO defines the two-photon detuning δ. The 4WM process, in the phase sensitive configuration used here, spontaneously generates photons in the spatial mode of the probe beam over a range of frequencies, and the frequency spread is defined as the bandwidth of the process. The spatial mode is defined by the mode-matching conditions. In consequence, the LO beats with multiple independent frequencies spontaneously generated in the probe mode, and each of these contributes incoherently to the measured noise spectrum. The contribution of the upper and lower sidebands must be taken into account separately to describe the noise power at a given analysis frequency ω a . More precisely, if we fix the two-photon detuning of the LO (δ), we can write the noise power (N ) at ω a as the sum of the contribution from the two sidebands (see Fig. 2 (a) ) for a noise power measured at ω a = 0 with an apparent two photon detuning δ +ω a and δ − ω a . The noise power can be expressed as follows [31] :
The noise power at ω a = 0 Hz is a quantity virtually impossible to measure experimentally. Nonetheless we can extrapolate its value using the data reported in Fig. 2 , measured at ω a = 1 MHz. Indeed, the quantity plotted as the red dots in Fig. 2 is N (ω a = 1 MHz, δ). Using Eq. (2), we know that :
(3) Estimating the noise power at ω a = 0 Hz is then equivalent to solving the following equation:
where we want to obtain the function g(δ) in terms of the function f (δ). f (δ) corresponds to N (ω a = 1 MHz, δ), and g(δ) corresponds to N (ω a = 0, δ). To solve this equation we make use of the Fourier transform and find the solution: 
wheref (t) is the Fourier transform of the function f (δ).
We can then use the data in Fig. 2 to calculate the noise level at an analysis frequency of 0 Hz as function of δ (see Fig. 4 ).
With the estimated noise power at ω a = 0 Hz, it becomes straightforward to calculate the expected squeezing spectrum using Eq. (2). In Fig. 5 , we plot these calculated traces together with the envelope of the maximum obtainable squeezing (envelope of the oscillating red/light gray traces in Fig. 3 ). The qualitative agreement between these two data sets demonstrates the validity of our approach using the incoherent sum of the two sidebands. The values of SNLF are also well predicted using the simulated noise traces. Moreover, we can explain why SNLF+δ is a constant within the experimental uncertainties. If one of the sidebands exhibits a much larger excess noise in comparison to the other one, the noise power can be approximated as coming only from the noisiest sideband. As we can see in Fig. 4 , a sideband at a δ higher than 1 MHz will exhibit excess noise compared to the SNL, while on the other side (δ lower than -1 MHz) the noise power in the sideband is below the SNL and its contribution to the total noise power can therefore be neglected. Therefore the squeezing bandwidth measurements (noise level as a function of ω a , as in Fig. 5 ) for values of δ ≤ 0 can simply be seen as a translation of the frequency axis by the value of −δ.
IV. HEISENBERG LANGEVIN THEORETICAL MODEL
In this section, we address the question of the discrepancy in Fig. 3 between the envelope of the red (light grey) traces representing the minimum obtainable noise independent of the choice of the LO phase indicated along the bottom axis (referred to as N min ) and the blue (dark gray) traces representing the noise for a choice of LO phase that minimizes the noise at ω = 1 MHz (referred to as N 1 ). As seen in the previous section, a model that sums the contribution of the two frequency sidebands in order to calculate the spectrum of the squeezing can qualitatively explain the global behavior of N min . In order to understand the behavior of N 1 , we introduce a new parameter: the phase of the LO. As explained in the experimental section, when we lock the phase of the LO, the reference signal for the lock is derived from the measured and modulated noise at ω = 1 MHz. We denote the phase that minimizes the noise for ω = 1 MHz as φ 1 . We also introduce the phase dependency to the noise power and N becomes a function of three parameters : ω a , δ, and φ. We can use Eq. (2) to express N min :
and N 1 :
In these equations, ∆φ corresponds to an arbitrary phase shift between the two sideband contributions. This parameter is the main difference with the model discussed in the previous section (where ∆φ was assumed to be 0). The physical origin of this phase shift will be discussed later.
We have shown in the previous section (see Fig. 4 ) that we can compute N (0, δ − ω a , φ m ) for φ m that minimizes N . Similarly, it is straightforward to compute this quantity for φ M that maximizes N . We can then calculate the expected value of N (0, δ − ω a , φ) for any value of φ : where
φ is chosen such that for φ = 0, we have
. Using these equations, we can compute N min (ω a , δ) by minimizing the expression of Eq. (6) over φ and we can calculate N 1 (ω a , δ). The results of these simulations are plotted in Fig. 6 for δ = −4 MHz and δ = −20 MHz, with ∆φ = 0.2π. The difference between N min and N 1 , can then be explained by the presence of a phase shift between the two sidebands that contribute to the noise power spectrum. The phase that minimizes the noise for ω a = 1 MHz, is not necessarily the phase that minimize the noise at higher frequencies. This effect can be interpreted as a rotation of the noise ellipse in phase space. In the last section of this paper we propose a way to estimate the phase shift theoretically. The model that we use is based on a microscopic model for a double-Λ system, similar to the work of [28] . Using the Heisenberg-Langevin formalism, we write the evolution equations for the atomic system and solve them analytically in the steady-state regime. Using the slowly varying envelope approximation we can write the evolution of the probe field amplitude along the z direction as:
where α is the probe field amplitude and A and B are coefficients independent of z that describe the steady state of the system. A and B are calculated following a procedure similar to the derivation of Eq. (11) in [28] and they depend on the pumps power, ∆, δ. After introducing a term for the second pump field in Eq. (2) of [28] , we wrote the propagation equations similar to Eq. (6) and Eq. (7) of [28] for α and α * . Finally, we can write α = α 0 e iφα , where α 0 and φ α are real quantities. The evolution equation for the phase φ α can then be written as:
We solve this equation and plot the value of φ α as function of the two-photon detuning in Fig. 7 . The numerical parameters used for the simulation are given in the figure caption and are directly calculated from the experimental values. For this configuration we see that the phase shift is negligible for sidebands located bellow 0 MHz or above 20 MHz. The value of the maximum observed phase shift (approximately 0.3π) is in agreement with the model we have developed in this paper. The physical origin of this phase shift lies in the susceptibility of the atomic medium, and that it depends on the two-photon detuning. It is well known that in a three-level system in the Λ configuration, the gain line around the Raman resonance, derived from the real part of the susceptibility, is coupled with a fast variation of the index of the medium derived from the imaginary part of the susceptibility. The system we consider in this paper, presents the same qualitative behavior and we have observed experimentally the gain line appears around δ ≈ 15 MHz. Similarly, our theoretical model suggests a variation of the index (and in consequence a phase shift) that appears around δ ≈ 10 MHz, which is in qualitative agreement with the experimental results.
V. CONCLUSION
In this paper, we have presented the squeezing spectrum of the squeezed vacuum light generated via fourwave mixing in a double-Λ system. We observe a rotation of the noise ellipse as function of different experimental parameters such as the detuning and pump power. This rotation of the squeezing quadrature is of interest in applications such as gravitational wave detection because it could allow one to tailor the squeezed quadrature to match the dominant measurement noise at different frequencies, thus improving the noise performance across the spectrum. Traditional techniques for generation of frequency-dependent squeezing rotation are based on the use of pre-filtering cavities. Here we have shown that 4WM in a hot atomic vapor can provide this effect without the use of cavities. An interesting feature of our system is the fact that it is spatially multimode and it has been shown that this property can be useful in sub-shot noise measurement techniques [32] . We use a theoretical model to describe the frequency dependent squeezing that we have observed and we suggest that this model can be used to investigate the parameter space (e.g. one-photon detuning, pump power, two-photon detuning) and to tailor the ellipse rotation in order to obtain the optimum squeezing angle rotation.
